Motivated by the excessive costs incurred on the maintenance of waste collection vehicles and the number of faulty roads in many lowincome countries, a variant of the vehicle routing problem is proposed in which waste collection sites are visited within a prescribed time windows and depending on the accessibility ratio of the roads leading to each site. This problem is called the vehicle routing problem with time windows and road attributes (VRPTWRA). The Lagrangian relaxation technique was applied to reduce the complexity of the problem and the resulting Lagrangian problem was solved using a simple subgradient optimization algorithm to obtain the lower bound on the optimal value of the total distance. The model was tested with Solomons test instances and randomly generated data. Numerical results show that there is a general reduction in the total distance covered by a vehicle and a slight improvement in the number of customers visited. The results were compared with a result found in the literature.
Introduction
In this paper a new variant of the vehicle routing problem with time windows (VRPTW) is addressed. The wide application of the VRPTW has made it one of the most researched combinatorial optimization problems. In a single depot version of the problem, a fleet of homogeneous vehicle with fixed capacity is available to serve the requests of a number of customers located at different points. These requests must be satisfied within each customers time window such that the total cost of service is minimized within the capacity restriction of the vehicles. In its simplest form, the problem is NP-hard and can usually be solved to near optimal solutions by approximate and heuristic methods which have been widely studied in the literature. Although, experiences have shown that meta-heuristics generally perform better when solving VRPTW [5] .
In particular, this study examines the VRPTW with the addition of restriction on the attribute of road network in a waste collection region. We call this problem the vehicle routing problem with time windows and road attributes (VRPTWRA). The problem is so designed that a vehicle can only satisfy the request at a node by choosing from a set of arcs, the arcs that satisfy a defined accessibility ratio. In other words, the attribute of the individual link in the network is measured in relation to the accessibility index pre-defined. The level of accessibility of a road defines the measure of efficiency of the road, describing the level of ease with which a destination can be reached from other parts of the road [7] .
The main contribution of this study is the introduction of a parameter and variable to capture the attribute of each road in solid waste collection VRP. Two cases of the problem are considered to test the robustness of the new parameters. In the first instance, we proposed a model where the objective function is nonlinear. In the other case, the conventional objective function is retained giving us the usual linear objective function. In the later case, the new parameters are only used in the constraint set. The remaining parts of this paper are organized in the following way. In section 2, a review of some related works on VRPTW is presented, while in section 3, the definition and formulation of the model are given. The Lagrangian relaxation of the problem together with the subgradient optimization algorithm is presented in section 4. The problem instances used for computational tests and the results obtained are described in sections 5 and 6, respectively. In sections 7, the results are discussed and in section 8, conclusion is drawn on what has been done and the direction of future work.
Recent Related Works
The VRPTW is an important variant of the vehicle routing problem (VRP) due to it wide range of application to the transportation industries, especially in situations where customers require that their demand be met at a given interval of time. Detailed description of the problem can be found in major surveys carried out in the last two decades. (See for instance [8] , [9] and [16] ). A review of some exact algorithms for solving the problem was reported in [3] . This review also highlighted the different formulations and relaxations that led to the algorithms. Computational comparison was reported on three different exact methods.
Deriving motivation from the distribution of perishable goods, study in [1] proposed an exact method based on the elementary shortest path technique to solve the single vehicle multi-trip routing problem with time windows in two phases. In the first phase, all non-dominant routes are generated while in the second phase route selection and sequencing are done to form the daily workload for the vehicle. This work was extended in [2] to the use of multiple vehicles and solving the problem with a branch-and-price method where the lower bound value on the minimum total distance was computed by solving the linear programming relaxation from the column generation subproblems.
The solid waste collection vehicle routing problem (SWCVRP) has begun to receive a wide attention in the literature partly because of the operational costs involved in the process of disposing wastes from different collection sites to the designated one or more disposal sites. For instance, authors in [12] studied a real life waste collection vehicle routing problem with specifications on time windows, multiple trips and drivers lunch breaks. Other related articles have been published on this problem may be found in [14] and [4] . More recently in [6] , an associated problem of specifying time intervals between which customers demand may be satisfied was addressed. A mathematical model formulated as a MIP that included drivers lunch and rest breaks was given. To solve the problem, an adaptive large neighborhood search heuristic was proposed to reduce the associated costs of waste disposal. Results were tested on data from the Danish garbage collection company.
The use of Lagrangian relaxation is not new in literature as many researchers have used it to reduced the complexity of many hard problems. This is done by attaching one ore more penalty cost(s) (Lagrangian multipliers) to the set of complicating constraints and then adding same to the objective function. Relaxing a problem in the Lagrangian sense produces a Lagrangian problem that yields the lower bound on the optimal solution of the primal problem. One of the most successful application of Lagrangian relaxation was conducted in [13] . The Lagrangian dual problem in [13] was solved by combining the subgradient optimization and bundle methods. The subgradient method is, like most gradient methods, an iterative procedure for updating the Lagrangian multipliers until a tolerance criterion is satisfied. In [11] , the set of constraints that ensures each customer is served by exactly one vehicle was relaxed to yield a constrained shortest path subproblem which was then solved by a cutting plain algorithm.
Several formulations and solution approaches have been proposed on this class of problem. However, non, to the best of our knowledge, has proposed a work with the inclusion of road attributes as measured by the road accessibility index. This work is proposed mainly to investigate the impact of this new feature on the VRPTW. Next, the mathematical formulation of the problem is presented.
Problem Formulation
This problem may be formulated as follows. Consider a directed graph G = (N, A) where N = {0} ∪ S is the set of nodes to be visited. {0} denotes the depot where a fleet of collection vehicles is hosted and S is the set of collection sites to be visited. A = {(i, j)|i, j ∈ N } is the set of arcs that a vehicle can use for its daily operations. Each collection site has an associated request q i (quantity of waste ready for collection) and a time window [e i , l i ] representing the interval of time within which the request of site i ∈ N can be served: e i and l i are the lower and upper bound values of this time windows. The distance between each node is given by d ij and the service time at i ∈ N is denoted by s i . For each arc (i, j), there is an associated travel time t ij . Obviously, initial route elimination can be enabled by setting l i + t ij > l j and q i + q j > C, where C is the vehicle capacity.
There are four main decision variables: φ ij |(i, j) ∈ A equal 1 if the vehicle uses arc (i, j) and 0 otherwise; θ ij |(i, j) ∈ A equal 1 if R ij > b and 0, otherwise. Recall that R ij is the accessibility ratio of arc (i, j) ∈ A and b is a scalar constant such that 0 ≤ b ≤ 1. The other variables are: a i , the arrival time of vehicle at node i ∈ N and r i is the load of the vehicle arriving at node i ∈ N . The MIP formulation of the model is given as follows.
Subject to
The objective function (1) minimizes the total distance covered by the vehicle. Constraints (2) prevent a vehicle from visiting a customer more than once while constraints (3) ensures that the vehicle starts and ends each trip at the depot. Constraints (4-6) define the time windows, whereas constraints (7) ensures the feasibility of the load at customer i ∈ N . Equation (8) imposed that the arcs linking the depot to a customer is feasible and vice versa. Constraints (9) ensures that the number of executable arcs does not exceed the total number of arcs in the system. Constraints (10) ensures that only arcs with high attributes are used for the route construction. The integrality restrictions are imposed by (11) . The above formulation results in a nonlinear objective function in φ ij and θ ij . One may consider another case where θ ij is dropped from the objective function. In this case, the objective function is linear and is written as
with constraints (2)-(11) still valid. However, to tighten MIPs, the nonlinear term may be given a new representation as follows. Let
Note that ψ ij = 1 only if both φ ij and θ ij equal 1, and it equal 0 otherwise. Hence, by introducing a binary variable ψ ij in the formulation, φ ij θ ij is replaced accordingly by the addition of the following constraints:
By constraints (14) , it is required that ψ ij + 1 ≥ φ ij + θ ij . This forces ψ ij to be equal to 1 whenever φ ij , θ ij = 1. Constraints (15) ensure that 2ψ ij ≤ φ ij + θ ij , thus permitting ψ ij ≥ 0 whenever both φ ij and θ ij equal 1. ψ ij only assume the value of 0 when either φ ij or θ ij is 0.
Lagrangian Relaxation and Subgradient Algorithm
As earlier stated, the VRP is NP-hard and its solution by direct exact method may sometimes fail and always time consuming especially for large scale problems. Thus, by implication, the problem under consideration is NP-hard and in order to find its solution, the Lagrangian relaxation is first applied to reduce its complexity. The resulting problem is then solved by applying subgradient optimization. Next, we consider the Lagrangian relaxation of constraint (2) which requires that the vehicle should visit each customers once. By assumption, (2) forms the set of complicating constraints [11] . By dualizing them into the objective functions (1) and (12) with the Lagrangian multiplier u i ≥ 0 ∈ n , and assuming (13) , then the following Lagrangian problem is obtained.
Subject to (3) (4) (5) (6) (7) (8) (9) (10) (11) and (13) (14) (15) Similarly,
Subject to (3) (4) (5) (6) (7) (8) (9) (10) (11) and (13) (14) (15) In these Lagrangian problems, τ (u) and ρ(u) are called the Lagrangian functions. The corresponding Lagrangian dual functions are obtained by maximizing τ (u) and ρ(u) with respect to the multiplier vector u ≥ 0, i.e.,
To apply the subgradient optimization, a subgradient, s, corresponding to the relaxed constraints is defined. This parameter is given by
We adopt a simple form of the subgradient optimization algorithm described in [10] to find the solution to the dual problems above.
A Subgradient Algorithm for solving LD I and LD II Step Description 1
Initialize the SO parameters as follow:
Solve the Lagrangian Problem with
Evaluate the subgradient according to (17). 5
Compute the step size:
Update the Lagrangian multipliers:
Repeat process until lower bound on the objective function is found.
Test Instances
The numerical test conducted on the model above is based on the test instances developed in [15] by Solomon. There are several problem instances that have been created for the VRPTW and a collection of these can be found in the OR library (http://people.brunel.ac.uk/ mastjjb/jeb/info.html). However, the Solomon instances are preferred as the contents represent small-scale problems needed to test the effectiveness of the model. There are six classes of data described in the Solomon test suit based on two criteria. The first criterion concerns the spatial position of customers. In this category, customers may either be in clusters (C-type), or may be randomly positioned (R-type), or a middle point may be found between clustered and randomly located customers to give the RC-type problems. The second criterion is based on the tightness of the time windows the size of the planning period. There are two categories defined for these features. When there is a tight time window and a small planning time, the problem denoted as type 1 and when there is a large time window and planning time, the problem is denoted as type 2. Therefore, for each customer size, there are six problem instances namely C1, C2, R1, R2, C1 and RC2. For instance, C1 test instance represents cases with clustered customers and small time windows and planning time. The Solomon test Suit is defined for three customer sizes of 25,50 and 100. This means that there are 168 problem altogether.
Results from Numerical Test with Solomon Instances
In this section, the numerical results from the computational test on the model with the instances in [15] described above are presented. As stated above, there are two cases to the relaxed problem: one in which the objective function is linear and the other where the objection function is nonlinear. These two cases are tested and their results were compared. The results were also compared with published results on single VRP. To each arc in the system, there is an associated accessibility ratio, R ij . The values of these ratios are randomly generated between 0 and 1. As indicated in the model, we assume that every arc originating from the depot and ending at the depot have R ij that satisfied θ ij = 1 to ensure that a vehicle leaves and returns to the depot. The value of M in each of the test is 1000. The implementation of the subgradient optimization algorithm was performed on the AMPL optimization system using the MINOS solver that is suitable for nonlinear problems. All computations were carried out on a computer with Pentium(R) Dual-Core CPU Processor and an installed memory (RAM) of 1G.
Two customer sizes of 25 and 50 were implemented in the computations. We are mainly interested in testing the model with few instances and make comparison with existing works. Hence, only R2 and RC2 instances are considered.
Discussions
The few results presented here are computed based on R2 and RC2 instances; 25 and 50 customers; and for R ij ≥ 0.5. These results are compared with the work in [1] where a VRPTW was considered such that a single vehicle was allowed to make multiple trips. The computational test in their work was also based on the instances in [15] . The routes were constructed in two phases and so the sums were found to represent the total number of active routes. In Table 1 this comparison is presented for the total minimum distance, active routes and number of served customers. We only compared with the results based on the value of t max = 75. Figures 1-4 showed the comparisons very clearly.
In Figure 1 , it is obvious that the difference between the maximum total distance of the problem proposed here and the minimum total distance in [1] is 300 and 500 for the R2 and RC2 instances respectively. The same outcome is observed in Figure 2 where fewer number of arcs were active in our model as expected. However, in Figure 3 , the results in [1] showed that more customers were visited. Normally, one would expect this since their model does not consider the attribute of each arc prior to route planning process. The same can be said of Figure 4 with 50 customers. 
Conclusion
In this paper, the VRPTWRA has been introduced and solved largely due to the concerns relating to poor infrastructure in many developing countries and the environmental impacts of poor solid waste disposal. A new parameter called the accessibility ratio was used to define a new decision variable that allows a vehicle to make decision on the use of roads. Two versions of the problem was defined: one in which the objective function is nonlinear by introducing the new decision variable in the objective, and the other where the objection function is linear. In the later case, the nonlinearity only affected the constraint sets. The complexity of the two cases were reduced by applying Lagrangian relaxation and solved with a simple subgradient optimization.
The main contribution of this work is to show that accessibility parameters can be introduced into a vehicle route plan. Computational experiments showed that fewer customers are visited on shorter routes as displayed in the results. One of the main work to be done in the future is to construct more robust algorithms that can solve the proposed problems with large-scale problem instances such that more customers are reached and at the same time the total distance is minimized. The motivation for carrying out this research was to increase the life span of waste collection vehicles which are used in most low income countries where the road infrastructure is seemingly poor. [1] 
